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ABSTRACT
A fraction of early-type dwarf galaxies in the Virgo cluster have a disk component and even possess
disk features such as bar, lens, and spiral arms. In this study, we construct 15 galaxy models that
resemble VCC856, considered to be an infalling progenitor of disk dwarf galaxies, within observational
error ranges, and use N -body simulations to study their long-term dynamical evolution in isolation as
well as the formation of bar in them. We find that dwarf disk galaxies readily form bars unless they
have an excessively concentrated halo or a hot disk. This suggests that infalling dwarf disk galaxies
are intrinsically unstable to bar formation, even without any external perturbation, accounting for
a population of barred dwarf galaxies in the outskirts of the Virgo cluster. The bars form earlier
and stronger in galaxies with a lower fraction of counter-streaming motions, lower halo concentration,
lower velocity anisotropy, and thinner disk. Similarly to normal disk galaxies, dwarf disk galaxies
also undergo recurrent buckling instabilities. The first buckling instability tends to shorten the bar
and to thicken the disk, and drives a dynamical transition in the bar pattern speed as well as mass
inflow rate. In nine models, the bars regrow after the mild first buckling instability due to the efficient
transfer of disk angular momentum to the halo, and are subject to recurrent buckling instabilities to
turn into X-shaped bulges.
Keywords: galaxies: dwarf – galaxies: kinematics and dynamics – galaxies: bulges – galaxies: clusters:
general – galaxies: evolution – galaxies: structure – instabilities – methods: numerical
1. INTRODUCTION
Dwarf elliptical (dE) galaxies are commonly known as
dynamically static and morphologically elliptical stellar
systems. Owing to their numerous population in galaxy
clusters, they are often considered as an important key
to probe the formation history of clusters. As indicated
by their name, they are old and small galaxies showing
no sign of recent or current star formation. However, the
discovery of two-armed spirals in VCC856 (or IC3328), a
dE in the Virgo cluster, by Jerjen et al. (2000) has raised
a controversy as to whether dEs are young and rotation-
ally supported or old and anisotropic stellar systems.
There have since been many follow-up studies on the
hidden properties of dEs (Barazza et al. 2002, 2003;
Simien & Prugniel 2002; De Rijcke et al. 2003; Geha et al.
2003; Lisker et al. 2006a,b, 2007; Toloba et al. 2011, 2014,
2012; Janz et al. 2012, 2014). In particular, Lisker et al.
(2006a) performed a systematics search on 476 early-type
dwarf galaxies in the Virgo cluster, finding that about
one tenth of the dEs possess a disk component and that
some of them even possess disk features such as spiral,
bar, and lens. The fraction of the dEs with a disk com-
ponent increases by more than 50% at the bright end of
the dE population, and such dEs are reclassified as dEdis
or dEs(di) (Lisker et al. 2006a). This implies that dEdi
galaxies are distinct from common dEs, probably origi-
nating from genuine disk galaxies. Moreover, based on
swkwak@kasi.re.kr, wkim@astro.snu.ac.kr, screy@cnu.ac.kr,
star4citizen@kasi.re.kr
photometric studies, 15% of dEs are found with blue cen-
ters, indicating that those galaxies recently lost their gas
by either ram-pressure stripping or harassment (Lisker
et al. 2006b). In terms of the clustering properties and
spatial distribution, dEdis closely follow the spatial dis-
tribution of spiral populations rather than that of com-
mon dEs (Lisker et al. 2007). Based on these studies,
Lisker et al. (2007) suggested that progenitors of dEdis
are infalling, gaseous dwarf disk galaxies.
Simien & Prugniel (2002) reported that some dEs, in-
cluding VCC856, are found with a significant amount of
rotation. Among the kinematic data of 21 dEs presented
in Toloba et al. (2011), the averaged rotation curve of
rotationally supported dEs is similar to that of late-type
galaxies at a given magnitude. By comparing the boxi-
ness/diskiness and the anisotropic parameter, Toloba et
al. (2011) showed that the isophotes of dEdis tend to
be diskier and more rotationally supported, supporting
the idea that their progenitors are disk galaxies. Using
the scaling relations such as (V − K)e-velocity disper-
sion and fundamental plane, Toloba et al. (2012) further
concluded that some dEs are rather similar to late-type
galaxies. Furthermore, the offset between dEs and el-
lipticals in the Faber-Jackson relation supports the idea
that dEs are not dominated by dark matter that takes
∼ 46± 18% of the total mass within the effective radius
(see also Toloba et al. 2014). By showing that 28 dEs
are fast rotators among 39 Virgo dEs and contain disk-
like structures, Toloba et al. (2015) also suggested that
such dEs likely originate from late-type galaxies that lost
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their gas by ram-pressure stripping while infalling from
the outside.
Based on the morphological features and the Sersic fit-
ting of density profiles, Janz et al. (2012, 2014) classified
the Virgo dEs into four different groups, namely, one-
component, two-component, population with lens, and
barred population. They showed that, among the dEdis,
the barred population is ∼ 35 ± 9% while the lens pop-
ulation is ∼ 8± 5%. Lenses are known as ‘defunct bars’
(Kormendy 1979; Kormendy & Kennicutt 2004) because
they have density profiles similar to bars, but shorter ma-
jor axis. Although these barred populations take nearly a
half of the entire Virgo dEdis, their origin remains myste-
rious. Observations indicate that there is a considerable
number of barred dEdis at the outskirts of the Virgo clus-
ter (Janz et al. 2012, 2014). Using N -body simulations,
 Lokas et al. (2016) recently showed that the tidal poten-
tial in a Virgo-like cluster can trigger the bar formation
in massive disk galaxies after the pericenter approach.
However, since the orbits are unknown, it is not certain
whether observed barred dEdis at the cluster outskirts
have been subject to stronger tidal perturbations. The
main purpose of the present paper is to show that the
bar formation in dEdis does not require a tidal forcing:
they are intrinsically unstable to forming bars.
The bar formation in disk galaxies is usually explained
by dynamical instabilities of self-gravitating, axisymmet-
ric stellar disks (Miller et al. 1970; Hohl 1971; Kalnajs
1972, 1977). There are certainly many factors that affect
the stability of disk galaxies, including the mass of dark
matter halo (Ostriker & Peebles 1973; Christodoulou et
al. 1995; Sellwood & Evans 2001), a fraction of counter-
rotating stars in the disk (Sellwood & Merritt 1994), and
disk thickness (Klypin et al. 2009). For example, it is
well known that the dark halo plays a dual role: a mas-
sive spheroidal component alleviates disks against form-
ing bar-like structures (Ostriker & Peebles 1973), while
a responsive halo destabilizes the system by allowing an-
gular momentum transfer from the disk to halo and thus
expedites the bar growth (Athanassoula 2003). In addi-
tion, ∼ 20− 50% of the total disk mass is frequently ob-
served to be in the counter rotation (Bettoni et al. 1990;
Merrifield & Kuijken 1994; Bertola & Corsini 1999; Kan-
nappan & Fabricant 2001), possibly caused in numerical
simulations by gas infall with opposite spins and/or mi-
nor mergers (Thakar & Ryden 1996, 1998; Algorry et al.
2014). These counter-rotating stellar components tend to
stabilize the disk by making its center hotter (Sellwood
& Merritt 1994), as well as by lowering its rotational
kinetic energy (Ostriker & Peebles 1973; Efstathiou et
al. 1982). Since most of the previous studies mentioned
above considered normal disk galaxies, in this work we
focus on dwarf disk galaxies, mimicking VCC856 in the
Virgo cluster, and study how galaxy properties change
the intrinsic stability of dEdis against the bar formation.
Once a bar forms, it undergoes another transition in
the vertical direction called buckling instability. It par-
tially weakens and shortens the bar by disrupting its
outer parts (Combes & Sanders 1981; Combes et al. 1990;
Raha et al. 1991; Merritt & Sellwood 1994; Martinez-
Valpuesta & Shlosman 2004). Observationally, Erwin
& Debattista (2016) caught the buckling instability in
action in two nearby galaxies. Berentzen et al. (2006)
emphasized that adopting a live halo is crucial to explor-
ing the buckling instability. The buckling instability is
also known as a formation channel of a boxy/peanut/X-
shaped bulge (Combes et al. 1990; Raha et al. 1991;
Martinez-Valpuesta & Shlosman 2004; Berentzen et al.
2006; Athanassoula 2016). The local theory of Toomre
(1966) and Araki (1985) suggests that the buckling in-
stability occurs when the ratio σz/σR exceeds 0.3 when
the disk is uniform, where σz and σR denote the veloc-
ity dispersions in the vertical and radial directions, re-
spectively. However, the ratio varies with radius in real
galaxies, so that one single threshold cannot determine
the occurrence of buckling instability (Raha et al. 1991).
Interestingly, Martinez-Valpuesta et al. (2006) reported
that the buckling instability is recurrent due to the re-
growth of bars. Multiple renewals of bars with repeated
destruction and formation helped by gas accretion were
investigated by Bournaud & Combes (2002), but the con-
dition for regrowth in isolation is not well understood yet.
In this paper, we run N -body simulations of dwarf disk
galaxies to study their long-term dynamical evolution
in isolation. We construct galaxy models that resemble
VCC865, which is thought to be an infalling progenitor
of dEdis. The primary purposes of this work are to un-
derstand what it is that forms bars in dEdis and to see
how differently dEdis evolve as compared to normal disk
galaxies. We also vary galaxy properties within observa-
tional error ranges to explore the effects of the counter
streaming motion, velocity dispersion, disk scale height,
dark matter fraction, and stellar disk mass on the bar
formation and recurrent buckling instability occurring in
isolated dwarf disk galaxies.
The organization of this paper is as follows. In section
2, we describe our galaxy models and numerical methods.
In Section 3, we present the detailed evolution of our
fiducial model in terms of the size, strength, and pattern
speed of a bar that forms. In section 4, we explore the
effects of the various parameters on the bar formation
and buckling instability. In section 5, we summarize and
discuss our results in an astronomical context.
2. MODELS AND METHOD
In this section, we describe our galaxy models and sim-
ulation methods. We first justify that VCC856 can be a
progenitor galaxy in view of its kinematics and morphol-
ogy. We then explain our initial conditions and model
parameters as well as the numerical methods we adopt.
2.1. VCC856
As an initial condition of our simulations, it is ideal
to choose a dwarf disk galaxy that maximally represents
the infalling population without undergoing environmen-
tal effects. Among numerous dEdis in the Virgo cluster,
we take VCC856 as our fiducial progenitor galaxy for
the following reasons. The morphological classification
of VCC856 was a nucleated dE in Binggeli et al. (1985),
but Jerjen et al. (2000) first reported the presence of faint
logarithmic spiral arms after subtracting mean axisym-
metric light distribution. The pitch angle of the spirals
is 12.◦1, similar to those in Sb or Sbc galaxies. For this
disk feature, VCC856 was reclassified as a dEdi or dE(di)
by Lisker et al. (2006b), and its properties have been in-
spected observationally in the literature (Barazza et al.
2002; Simien & Prugniel 2002; Geha et al. 2003; Jerjen et
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al. 2004; Chilingarian 2009; Lisker & Fuchs 2009; Toloba
et al. 2011; Kormendy & Bender 2012).
The photometric data show that the surface bright-
ness profile of VCC856 follows an exponential distribu-
tion without a bulge (Jerjen et al. 2000; Lisker & Fuchs
2009; Janz et al. 2014; Toloba et al. 2014), implying that
it has not yet experienced any major mergers. If a bulge-
less dwarf disk galaxy has experienced either strong tidal
effects or mergers, it would probably have a bar or non-
exponential density profile. In addition, unlike early-type
galaxies that are commonly pressure-supported, VCC856
is a rotationally supported system (Jerjen et al. 2000;
Simien & Prugniel 2002; Lisker & Fuchs 2009; Toloba et
al. 2011, 2014), which strengthens our assumption that
VCC856 is a genuine dwarf disk galaxy. Finally, it is
a nearly gas free galaxy and lacks prominent H II re-
gions (Jerjen et al. 2000), suggesting that it has entered
the Virgo Cluster relatively recently and has experienced
ram-pressure stripping without considerable influence on
its stellar disk. Although it already possesses spiral arms
presumably driven by a weak tidal encounter, the frac-
tional arm amplitude is only ∼ 3 − 4% (Jerjen et al.
2000). Therefore, we regard VCC856 as an infalling pro-
genitor that preserves the information of the early phase
of the infalling dwarf disk galaxies. VCC886 is one of the
best studied dEdis with sufficient information available
for numerical modeling.
2.2. Initial Conditions
Our galaxy models, mimicking VCC856, consist of a
stellar disk and a live halo. Although the presence of a
nucleus in VCC856 is apparent (e.g., Jerjen et al. 2000;
Lisker & Fuchs 2009), we do not include it in our models
since its size is too small to affect global dynamics of the
stellar disk. For the dark halo, we adopt the Hernquist
(1990) profile
ρDM(r) =
MDM
2pi
a
r(r + a)3
, (1)
where r is the radial distance, MDM is the total mass,
and a is the scale radius of the halo. The scale radius is
related to the concentration parameter c as
a =
r200
c
[
2 ln(1 + c)− c
1 + c
]1/2
, (2)
with r200 being the virial radius (Springel et al. 2005).
For all models, we fix r200 = 40 kpc and MDM = 1.5 ×
1010 M, while varying c (see below).
The initial density distribution of the stellar disk is
ρ?(R, z) =
Md
4pizdRd
exp
(
− R
Rd
)
sech2
(
z
zd
)
, (3)
where R and z denote the radial and vertical distances
in the cylindrical coordinates, respectively, Md is the to-
tal mass of the disk, and zd is the vertical scale height.
The corresponding surface density is Σ? =
∫∞
−∞ ρ?dz =
Md exp(−R/Rd)/2piRd. The disk scale radius Rd is de-
termined by taking allowance for the spin parameter, as
described in Mo et al. (1998). The effective radius that
encloses a half of the stellar mass is Reff = 1.68Rd. For
most cases, we take zd = 0.33Rd obtained from Lisker &
Fuchs (2009) that is identical to the median axial ratio
of the dEdis from Lisker et al. (2007). In some models
we vary it to study the effect of disk thickness on the bar
formation.
The observed stellar mass in VCC856 is logM?e =
8.72 ± 0.12 M where M?e is the measured value within
the effective radius (Toloba et al. 2014), so we take
Md = 10
9 M as the total disk mass in our standard
model S1. This corresponds to ∼ 7% of the total galaxy
mass. The relative importance of dark matter near the
central parts is measured by the dark matter fraction
inside the effective radius
fDM =
(
1 +
2
∫ Reff
0
ρDMr
2dr∫ Reff
0
Σ?rdr
)−1
, (4)
which can be controlled by the halo concentration pa-
rameter c. For model S1 with c = 9, Reff = 1.05 kpc, and
fDM = 30%. This is very similar to the measured value
fDM = 0.33± 0.26 of VCC856 (Toloba et al. 2014).
For the comparison with fDM in large disk galaxies, we
briefly construct Milky Way-like galaxies by varying the
halo mass and concentration obtained from the Aquarius
Project (Springel et al. 2008). We find that the values of
fDM range between 54–60% within Reff .
2.3. Galaxy Models
For a given mass distribution, the vertical velocity dis-
persion σz is automatically constrained by zd. Our stan-
dard model has σz ∼ 25 km s−1 at the center, which is
consistent with the observed central velocity dispersion
σc ∼ 27 ± 4 km s−1 of VCC856 (Peterson & Caldwell
1993). To adjust the radial velocity dispersion σR, we
use the velocity anisotropy parameter
fR =
σ2R
σ2z
, (5)
(Yurin & Springel 2014). Following Gerssen (2000) and
Lisker & Fuchs (2009), we adopt fR = 1.56 applicable
to VCC856. This is smaller than fR ∼ 4 of the Milky
Way in the solar neighborhood that is much thinner than
dEdis and might have experienced radial heating due to
the central bar.
With the stellar mass and the halo concentration spec-
ified above, the mean azimuthal velocity 〈vφ〉 readily ex-
ceeds observed rotational velocities of dEdis if all stel-
lar particles rotate in the same sense. One can reduce
〈vφ〉 by introducing counter rotating particles in the az-
imuthal direction, the amount of which can be parame-
terized as
k2 ≡ 〈vφ〉
2
〈v2φ〉 − σ2R
, (6)
where the angle brackets 〈 〉 denote the average over
the azimuthal direction (Satoh 1980; Yurin & Springel
2014).1 Our standard model S1 has k = 0.65. As shown
in Figure 1(a), this yields the rotation curve similar to the
observed rotation curve of VCC856 (Simien & Prugniel
2002) after correcting for the inclination angle of 25.◦2
(Jerjen et al. 2000; Simien & Prugniel 2002).
1 The axisymmetric Jeans equations are independent of 〈vφ〉, so
that k2 does not change the density structure of an equilibrium
configuration.
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Figure 1. Mean azimuthal velocity 〈vφ〉 (lines) compared to the
rotation curve of VCC856 corrected for an inclination angle (dots
with error bars) for (a) the standard model S1 and (b) all models.
The dashed line in (a) draws the circular velocity vcirc, obtained
by computing the disk potential in the midplane.
We construct a total of 15 models that reflect the error
ranges in the dynamical properties of VCC856. Table 1
lists the name and parameters of our models. Relative to
model S1, the V models differ only in the value of k that
changes 〈vφ〉 by controlling the fraction of counter rotat-
ing stars, as Figure 1(b) shows. The DP models explore
the effects of fR on the bar formation. In the H models,
we vary the scale height by 0.1Rd. In DM models, we
control the halo concentration factor c to change fDM
within the effective radius. The M models vary the total
disk mass, while keeping fDM the same as in model S1.
By fixing zd, the M models have different σz, although
the ratio σR/σz remains similar to the one in model S1.
Except for the V models, we change the k parameter
as well in all the models to make the mean streaming
velocity identical to the one in model S1.
Figure 2 plots the radial distributions of the Toomre
Table 1
Model Parameters
Model Md zd fDM f
1/2
R k
[109 M] [Rd] % (c)
(1) (2) (3) (4) (5) (6)
S1 1.0 0.33 ∼ 30% (9) 1.25 0.65
V1 1.0 0.33 ∼ 30% (9) 1.25 1.0
V2 1.0 0.33 ∼ 30% (9) 1.25 0.825
V3 1.0 0.33 ∼ 30% (9) 1.25 0.475
V4 1.0 0.33 ∼ 30% (9) 1.25 0.3
DP1 1.0 0.33 ∼ 30% (9) 1.0 0.65
DP2 1.0 0.33 ∼ 30% (9) 1.5 0.75
DP3 1.0 0.33 ∼ 30% (9) 1.75 0.75
DP4 1.0 0.33 ∼ 30% (9) 2.0 0.8
H1 1.0 0.23 ∼ 30% (9) 1.25 0.65
H2 1.0 0.43 ∼ 30% (9) 1.25 0.65
DM1 1.0 0.33 ∼ 7% (2) 1.25 0.8
DM2 1.0 0.33 ∼ 54% (20) 1.25 0.55
M1 1.4 0.33 ∼ 30% (12) 1.25 0.6
M2 0.8 0.33 ∼ 32% (8) 1.25 0.75
Note. — Column (1) is the model name. Columns (2)
and (3) give the total disk mass in units of 109 M and the
disk scale height relative to Rd, respectively. Column (4)
gives the fraction of dark matter within the effective radius.
Column (5) lists the ratio of the velocity dispersions. Col-
umn (6) lists the mean streaming parameter. The variations
from Model S1 are indicated in boldface.
Figure 2. Comparison of the Toomre stability parameter QT of
the initial disks in all the models.
(1964) stability parameter
QT =
κσR
3.36GΣ?
, (7)
measuring local susceptibility of an initial stellar disk
to gravitational perturbations. Here, κ is the epicycle
frequency and G is the gravitational constant. Our stan-
dard model has QT ≈ 1.3 at R = 0.5 − 1 kpc. Models
H1, DP1, and DM1 are more unstable than our standard
Origin of Barred Dwarfs 5
model, while the M and V models have nearly the same
QT as model S1. However, we note that QT does not take
into account the random kinetic energy in the azimuthal
and vertical directions, which may play an important role
in the bar formation (Ostriker & Peebles 1973; Efstathiou
et al. 1982; Klypin et al. 2009).
2.4. Methods
We use the publicly available galic code (Yurin &
Springel 2014) to construct the initial configurations of
model galaxies. For a given density distribution, galic
iteratively adjusts particle velocities to achieve an equi-
librium configuration. The flexibility of galic in gener-
ating outcomes, such as the mean streaming velocity and
the ratio of velocity dispersions in the radial and vertical
directions, allows us to easily obtain our desired initial
conditions.
Each galaxy model is constructed by distributing a to-
tal of 2.5× 106 particles, while keeping the mass ratio of
a dark matter particle to a stellar particle to 3. Model S1
and other models with the same disk mass thus employ
5 × 105 particles for the stellar disk and 2 × 106 for the
dark halo. For the softening lengths of the stellar and
dark matter particles, we adopt the mean particle sepa-
rations inside the half-mass radius. All our simulations
are performed using the changa code (Jetley et al.
2008, 2010; Menon et al. 2015), an N -body treecode
+ SPH code. We set the force accuracy option and the
timestepping scale to θ = 0.7 and η = 0.1.
For data analysis, we use pynbody, which is a python
package for analyzing outputs of N -body and SPH simu-
lations (Pontzen et al. 2013). Since all initial conditions
are generated in the gadget format from the galic
code, the units of mass, length, and velocity are 1010 M,
1 kpc, and 1 km s−1, respectively. The time unit is 0.9785
Gyr. All the simulations are run for 10 Gyr.
3. EVOLUTION OF THE STANDARD MODEL
In this section, we present the evolution of model S1
to study the bar formation in typical dEdis. We focus on
the temporal variations of the bar length and strength,
as well as buckling instability occurring in model S1. The
effects of changing galaxy parameters will be presented
in Section 4.
3.1. Overall Evolution
Figure 3 displays the snapshots of the disk density in
model S1 at the z = 0 (upper panels) and y = 0 (lower
panels) planes. A bar begins to form at t = 2 Gyr as a
result of global disk instability. The bar becomes thinner
and longer as it grows, eventually becoming very promi-
nent at around t = 6 Gyr. Subsequently, it experiences a
buckling instability, which not only shortens the bar but
also causes it to bend asymmetrically out of the z = 0
plane at R = 1–2 kpc, as shown by the t = 6.65 and 7 Gyr
snapshots. At t = 8 Gyr, the bar regrows slightly longer
and becomes more-or-less symmetric relative to the z = 0
plane. It then undergoes a second episode of buckling
instability, which effectively thickens the disk again at
larger radii (R = 2–3 kpc) than the first one. Since the
second buckling is quite weak, it leads to an X-shaped
bulge at t = 10 Gyr, less pronounced compared to those
in normal barred galaxies (e.g., Martinez-Valpuesta et al.
2006). As a result of the buckling instabilities, the axial
ratio of the stellar disk increases by a factor of about 2.
We quantify the bar strength at each time by mea-
suring the ratio F2/F0, where Fm denotes the Fourier
transform
Fm(R) =
∑
j
µje
imφj , (8)
with µj and φj being the mass and azimuthal angle of
the j-th particle in an annulus with width ∆R = 0.1 kpc
centered at R. Figure 4(a) plots the ratio at R = 1.0
and 1.5 kpc using the red and blue lines, respectively. It
is apparent that the bar starts to grow from t ∼ 2 Gyr,
achieves the maximum strength at t ∼ 6.4 Gyr right be-
fore undergoing the first buckling instability that tem-
porarily weakens the bar. Note that the bar strength at
R = 1.5 kpc increases again after the buckling instability,
while the buckling instability appears quite ineffective in-
side R = 1.0 kpc.
Since the bar is embedded in the disk and its den-
sity continuously varies, it is non-trivial to determine the
bar semi-major/minor axes. We empirically find that
ρ = 107.89 M kpc−3, corresponding to the initial disk
density at (R, z) = (1.25Rd, 0), reasonably well describes
the boundaries of the bars formed in our simulations.
Figure 4(b) plots the temporal variations of the semi-
major axis a and the semi-minor axis b, as well as the bar
ellipticity  = 1−b/a. The semi-major axis begins to de-
viate from the initial value as the bar grows and reaches
its maximum value of ∼ 2 kpc at t = 6.3 Gyr. After
the buckling instability, the semi-major axis is shortened
rapidly to ∼ 1.5 kpc followed by a small, gradual incre-
ment with some fluctuations, while the bar strength at
R = 1.5 kpc tends to increase continuously. As evidenced
by the gradual deformation of low-density contours in the
face-on views at t = 7 − 10 Gyr in Figure 3, the bar re-
growth in the post-buckling period is caused primarily by
the mass accumulation in the regions near the bar ends.2
Figure 5 plots the evolution of the radial and verti-
cal velocity dispersions of the disk in model S1 at four
different radii. The bar formation induces non-circular
motions of the disk particles, gradually increasing σR.
The increase of σR occurs earlier at smaller R, indicat-
ing that the bar begins to shape from the inner disk.
The region at R = 1.5 kpc starts to respond only after
t = 5 Gyr when the bar becomes sufficiently long to affect
the outer regions, and the region at R = 2.4 kpc outside
the bar remains almost unaffected by the bar formation.
The buckling instability occurring at t = 6.4 Gyr makes
σR reduced temporarily in the bar regions. The subse-
quent bar growth increases σR in the bar regions. At
R = 2.4 kpc outside the bar, σR visibly increases after
t = 8 Gyr due to the bar regrowth.
The vertical velocity dispersion also increases with
time as the bar grows, but more mildly than σR. A rel-
atively rapid increase of σz is observed near t = 6.4 Gyr
due to the first buckling which triggers vertical heat-
ing by dissolving the outer parts of the bar (Combes
& Sanders 1981; Combes et al. 1990; Raha et al. 1991;
Merritt & Sellwood 1994; Martinez-Valpuesta & Shlos-
2 The increase in the bar length is only slight in Figure 4(b)
since the bar is defined as the high-density regions with ρ ≥
107.89 M kpc−3.
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Figure 3. Face-on (upper panels) and edge-on (lower panels) snapshots of the disk density in our standard model S1. The corresponding
time is labeled in the lower left corner of each panel. Contours are drawn in logarithmic scale between 107.89 and 106.50 M kpc−3. The
highest contour level corresponds to the bar boundary. See the text for further detail.
man 2004). Unlike σR, the vertical velocity dispersion at
R . 1.2 kpc stays almost constant after the buckling in-
stability is over, although it increases slightly faster after
the first buckling instability outside the bar regions.
3.2. Angular Momentum Transfer
To explore dynamical friction between the bar and the
halo, Figure 6(a) and (b) plot the time variations of the
angular momenta Lz in the disk and the halo, as well as
the bar pattern speed Ωb. Soon after the bar forms, it
begins to transfer angular momentum from disk to halo,
keeping the total angular momentum almost constant.
This is roughly consistent with the results reported by
Athanassoula (2003) who showed that the resonant in-
teractions between the bar and the halo play an impor-
tant role in the growth and slowdown rate of bars (see
also Athanassoula 2005, 2007, 2014; Sellwood 2016 and
references therein). Note that the angular momentum
exchange occurs continuously, regardless of the onset of
the buckling instability, although its rate slows down as
the bar becomes shortened. In fact, the presence of a live
halo is essential for the operation of the buckling insta-
bility that forms a peanut/boxy bulge (Berentzen et al.
2006).
As a consequence of the angular momentum transfer
between the bar and the halo, the bar pattern speed grad-
ually slows down from ∼ 20 to ∼ 10 km s−1 kpc−1. A
close inspection of Figure 6(b) reveals that the slowdown
rate, −dΩb/dt, increases with time until the onset of the
buckling instability and becomes more or less constant
afterwards. This is because the change in the pattern
speed is closely related not only to the change in the an-
gular momentum, but also to the change in the moment
of inertia of the bar (e.g., Athanassoula 2003). Indeed,
the slowdown rate −dΩb/dt increases as the bar semi-
major axis continuously increases from 1.5 to 2.0 kpc be-
fore the buckling instability. Since our standard model
neither initially contains high rotational energy nor ex-
periences a strong buckling instability, it does not exhibit
a dramatic change in dΩb/dt. We defer a more detailed
discussion on this to Section 4 where we present the cases
with a stronger buckling instability (e.g., model H1).
As stellar particles lose angular momentum, they grad-
ually migrate radially inwards to increase the enclosed
mass M?(R) = 2pi
∫ R
0
Σ?RdR over time, as shown in
Figure 6(c). Such bar-induced mass inflows were also
observed in previous studies (Athanassoula & Misirio-
tis 2002; Athanassoula 2005, 2016). Similarly to dΩb/dt,
the mass inflow rate −dM?/dt switches its slope abruptly
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Figure 4. Temporal changes of the bar strength (top) and the bar
lengths and ellipticity (bottom) in model S1. The shaded vertical
strips between t = 6.4 and 6.9 Gyr mark the local maximum and
minimum of the bar strength at R = 1.5 kpc, corresponding to the
occurrence of the first buckling instability.
at around the time of the buckling instability. Over 10
Gyr, the increase in the disk mass is ∼ 27% within 1Rd:
∼ 19% and ∼ 8% before and after the buckling insta-
bility, respectively, suggesting that the mass inflow rate
correlates well with the rate of the angular momentum
transfer.
3.3. Buckling Instabilities
In the preceding subsection, we have shown that our
standard model is intrinsically unstable to forming a bar
without environmental effects. It subsequently experi-
ences buckling instability at ∼ 6.4–6.9 Gyr, which not
only makes the bar smaller but also induces a transition
in dΩb/dt and dLz/dt. The bar becomes stronger again
and regrows after the buckling instability is over. In this
subsection, we use the velocity anisotropy and the mean
vertical velocity to analyze the first and ensuing buckling
instabilities.
The local theory of buckling instability predicts that
non-rotating, plane-parallel disks with σz/σR . 0.3 are
unstable to buckling out of the galactic plane, similarly
to fire-hose instability (e.g., Toomre 1966; Araki 1985).
For a realistic disk with radially varying σz/σR, the crit-
ical values are at σz/σR ' 0.25 − 0.55 in mid-disk re-
gions (Raha et al. 1991), and at ∼ 0.77 in central regions
(Sotnikova & Rodionov 2005). Martinez-Valpuesta et al.
(2006) showed that the critical value in the central re-
gions of their model disks is ∼ 0.66. These indicate that
Figure 5. Evolution of the radial velocity dispersion σR (top)
and the vertical velocity dispersion σz (bottom) in model S1. The
shaded vertical strips between t = 6.4 and 6.9 Gyr mark the oc-
currence of the buckling instability.
the critical value for buckling instability depends on the
density and velocity structure of a disk-halo system.
Figure 7 plots the evolution of the velocity anisotropy
σz/σR and the mean vertical velocity 〈vz〉 of model S1.
The occurrence of the first buckling instability is appar-
ent with a sudden increase of σz/σR and |〈vz〉| at t ∼6.4
Gyr. Similarly to Figure 6(a) of Martinez-Valpuesta et
al. (2006), σz/σR at R = 0.9 kpc in our model S1 de-
creases to exceed the critical value of ≈ 0.63, while its
trend is different at outer radii: specifically, it stays al-
most constant at R = 1.2 kpc and increases slowly at
R = 1.5 kpc. The buckling instability is a global phe-
nomenon that momentarily warps the entire bar into a
U or V shape. These different temporal trends of σz/σR
indicate that the hypocenter of the buckling instability
is located at small R where the centrifugal force is very
strong (e.g., Raha et al. 1991).
During the buckling instability (inside the shaded
strip), σz/σR at R . 1.5 kpc sharply increases: σz is in-
creased to thicken the disk and σR is decreased to weaken
the bar (see Fig. 5). In turn, the vertical heating stabi-
lizes the system, and this is more effective at smaller R.
After the buckling, σz/σR declines again, approaching its
initial value as σR re-increases with the corresponding in-
crease in the bar strength (Figs. 4 and 5). On the other
hand, σz/σR at R = 2.4 kpc does not display a visible
increase during the buckling instability. It continuously
increases to ≈ 0.5 at t = 9 Gyr with some fluctuations
and then decreases slightly due to secondary buckling
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Figure 6. Evolution of (a) the angular momenta Lz in the disk
and the halo, (b) the bar pattern speed Ωb, and (c) the enclosed
disk masses M∗ within 1Rd and 1Reff in model S1. In (c), we
subtract 2.5× 108 M from M∗(R < Reff) for a clear comparison.
The shaded vertical strips between t = 6.4 and 6.9 Gyr mark the
occurrence of the buckling instability.
instabilities (see below).
The occurrences of buckling instabilities are more ap-
parent in the temporal behavior of |〈vz〉| shown in Fig-
ure 7(b). A prominent peak centered at t ∼ 6.65 Gyr
corresponds to the first buckling instability. As a result
of the bar warping, the outer regions near the edge of
the bar (R = 1.2 and 1.5 kpc) visibly experience verti-
cal buckling. The first buckling is able to drive bending
oscillations even at R = 2.4 kpc where the bar is ab-
sent. Interestingly, multiple bucklings at all radii outside
R = 0.9 kpc follow subsequently until the end of the run.
These recurrent secondary bucklings are observed even
at R = 1.2 and 1.5 kpc because the first buckling insta-
bility was too mild to effectively dissolve the bar (see
Section 4 for further detail). A more vigorous first buck-
ling would more vigorously thicken and shorten the stel-
lar system, increasing σz and making the inner regions
stable to the recurrent buckling instabilities. (For in-
stance, in model V1, which undergoes the first buckling
instability more vigorously than model S1, the second
Figure 7. Evolution of the ratio of the velocity dispersions σz/σR
(top) and the absolute value of the azimuthally averaged vertical
velocity |〈vz〉| (bottom) as functions of time. The shaded vertical
strips between t = 6.4 and 6.9 Gyr mark the occurrence of the first
buckling instability.
buckling at R = 1.2 kpc is not observed in Figure 9(b).)
At R = 2.4 kpc, the secondary bucklings occur at t = 8–
10 Gyr, resulting in mild vertical thickening observed in
the edge-on views at t = 8 and 10 Gyr in Figure 3.
To summarize, in this section we construct a galaxy
model that mimics VCC 856 representing a progenitor
of the infalling dEdis, and evolve it for 10 Gyr. Our re-
sults imply that such infalling dEdis, even without any
external perturbation, are susceptible to bar formation.
The vertical buckling instability is subsequently triggered
to shorten the bar and to thicken the disk. The first
buckling instability drives a dynamical transition in the
pattern speed and mass inflow rate. Secondary buck-
ling instabilities are observed in dwarf-sized disk galaxies
even though their dark matter fraction is much smaller
than that of normal disk galaxies. The secondary buck-
lings in our standard model lead to an X-shaped bulge,
as in the Milky Way-sized model of Martinez-Valpuesta
et al. (2006), although the X-shape is less prominent in
our model due to a weaker bar regrowth after the first
buckling.
4. EFFECTS OF VARYING PARAMETERS
In this section, we conduct a comprehensive study on
the effect of galaxy parameters that vary within observa-
tional ranges. More specifically, we change the fraction of
counter streaming stars, ratio of the velocity dispersions,
disk scale height, halo concentration parameter, and the
stellar mass. We present how these parameters affect the
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stability of disks, and alter the physical properties of bars
that form and undergo the buckling instabilities.
4.1. Counter Streaming Motion
4.1.1. Bar Formation and Evolution
The presence of stars in counter streaming motions in
real galaxies has been extensively reported in the liter-
ature (Bettoni et al. 1990; Merrifield & Kuijken 1994;
Bertola & Corsini 1999; Kannappan & Fabricant 2001),
and available theories suggest that they can arise nat-
urally due to gas infall and/or mergers during galaxy
formation (Thakar & Ryden 1996, 1998; Algorry et al.
2014). In order to make the observed rotation curve con-
sistent with the observed mass distribution (Fig. 1(a)),
we have to allow for the counter streaming motions in our
models of dEdis. (see also Satoh 1980; Yurin & Springel
2014). To study the effect of 〈vφ〉 on the disk stabil-
ity, we run the V models with differing k, while other
parameters are the same as in model S1 (see Table 1).
Figure 8 plots the temporal variations of the bar
strength F2/F0 at R = 1.5 kpc, the disk angular momen-
tum Lz inside R = 3.1 kpc, and the bar pattern speed
Ωb of V models in comparison with those in model S1.
Clearly, a model with a higher k is more unstable and
more efficiently transfers the angular momentum to the
halo, forming a stronger bar at an earlier time. Except
for model V4, all V models experience a buckling instabil-
ity in 10 Gyr, and the buckling is more violent in a more
unstable disk. The temporal decrease of the bar pat-
tern speed is caused by the angular momentum transfer,
consistent with the linear theory of Athanassoula (2003).
In terms of QT , models V1 – V4 should have the same
stability character. But, our numerical results show that
this is not the case. There is another stability criterion,
QE ≡ vmax/
√
GMd/Rd > 1.1, with vmax being the max-
imum rotation velocity proposed by Fall & Efstathiou
(1980) and Efstathiou et al. (1982), based on N -body
simulations of two-dimensional disks under a rigid halo.
The QE values of our V1 to V4 models are 0.62, 0.48,
0.28, and 0.18, respectively, suggesting that model V4
should be the most unstable among them. This again
contradicts our numerical results, in that model V1 is
the most unstable. Athanassoula (2008) already noted
that the QE criterion is too simplistic to provide the ac-
tual stability of disks.
The order of the bar formation time in V models ap-
pears to be inversely proportional to the Lz of the initial
disk (Fig. 8 (b)). Model V1 forms a bar first, and its
strength exceeds ∼ 0.6 at 1.2 Gyr, implying that disks
with higher Lz tend to be more unstable and form a
stronger bar. Model V2, which contains less counter
streaming motion than our standard model, forms a
prominent bar earlier at 4.0 Gyr. As discussed in Section
3, the first episode of buckling instability induces a dy-
namical transition in Lz by altering dLz/dt that closely
correlates with dΩb/dt. However, in models V1 and V2,
even after the first buckling instability that is stronger
than in model S1, −dLz/dt does not decrease consider-
ably, eventually aiding the bar regrowth in models V1
and V2.
Figure 9 plots the evolution of the bar length (left) and
the mean vertical velocity 〈vz〉 at R = 1.2 and 2.4 kpc
(right) of the V models. The bars in models V2 – V4 are
Figure 8. Evolution of (a) the bar strength F2/F0 at R = 1.5 kpc,
(b) the disk angular momentum Lz within R = 3.1 kpc, and (c)
the bar pattern speed Ωb in the V models as compared to model
S1.
no longer than ∼ 2.1 kpc. In contrast, model V1 forms a
long bar and undergoes a vigorous buckling instability at
∼ 2.0 Gyr, significantly shortening the bar from ∼ 2.4 to
∼ 1.5 kpc. After the buckling, the bar slowly regrows up
to 7 Gyr and then decreases again. Note that the slow
bar regrowth in model V1 induces a mild acceleration
in the decay of Ωb and Lz before the second buckling
instability, which shortens the bar again (Fig. 8(b) and
(c)).
The temporal behavior of 〈vz〉 is useful for determin-
ing the epochs of buckling instabilities. Considering the
height/width of the peaks in 〈vz〉 as well as the corre-
sponding decrease in the bar length, we find that a more
unstable disk undergoes more vigorous buckling instabil-
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Figure 9. Evolution of the bar length (left) and the absolute
value of the mean vertical velocity |〈vz〉| (right) in V models. For
comparison, the grey lines in the left panels draw the results of
model S1.
ity. In model V1, the first peak of |〈vz〉| occurring at
t ∼ 2 Gyr corresponds to a sharp decrease in the bar
strength and length. Between t = 7 and 9 Gyr, the sec-
ond buckling instability is observed at R = 2.4 kpc, ac-
counting for the second episode of the bar shortening
after ∼ 7 Gyr. Interestingly, model V1 suffers a third
buckling instability at R = 2.4 kpc. Model V2 also dis-
plays two peaks in |〈vz〉|, while model V3 experiences a
weak buckling instability only once. Model V4 forms a
bar, but it is sufficiently stable not to experience a buck-
ling instability until the end of evolution.
Similarly to model V1, model V2 also experiences the
second buckling instability, but earlier and more promi-
nently than model V1. This is because the first buckling
in model V2 is weaker and thus causes less damage to
the bar, providing a more favorable environment for the
regrowth. The bar regrowth in model V2 thus follows
rapidly at t ∼ 5.5 Gyr and triggers the second buck-
ling, but only in the outer regions (R ∼ 2.4 kpc) that
are unaffected by the first buckling. Although Martinez-
Valpuesta et al. (2006) demonstrated that the regrowth
is aided by the angular momentum exchange between the
bar and the halo, our results suggest that the effect of the
first buckling is also an important factor for the regrowth
and recurrent buckling instability.
Figures 10 and 11 plot the face-on and side-on snap-
shots of the disk density at the z = 0 and y = 0 planes,
respectively, for some selected epochs corresponding to
normal bar, post-buckling, regrowth or non-regrowth and
10 Gyr from left to right. The first two rows are for mod-
els V1 and V2. A close inspection reveals that the bar
length indeed becomes slightly longer after the first buck-
ling, but the second buckling shortens the bar again. The
edge-on views demonstrate that the disks are thickened
vertically and take on a peanut/boxy shape after the
first buckling. The secondary bucking makes the disk
thicker in the outer regions around R = 2.4 kpc, which
is more pronounced in model V2, which has a higher
|〈vz〉|. As a result, an X-shaped bulge is more evident
in model V2. This is consistent with Martinez-Valpuesta
et al. (2006) who showed that the first buckling leads to
a peanut/boxy shape while the second buckling yields
an asymmetric shape in relatively outer regions, eventu-
ally leading to an X-shaped bulge (see Fig.3 of Martinez-
Valpuesta et al. 2006). As the third buckling with a small
|〈vz〉| subsequently follows at t 9.5 Gyr in model V1, its
edge-on view still displays such a faint asymmetry at
t = 10 Gyr.
4.1.2. Manifold-driven Spirals and Inner Ring
In addition to the bar, model V1 also possesses spiral
arms extending from the bar ends at t = 1.15 Gyr and
an inner stellar ring encompassing the bar at t = 7.0 Gyr
(Fig. 10). The proposed formation mechanism of barred
spiral arms is the ejection of stars in the vicinity of
bar ends into chaotic motions when two Lagrangian
points L1 and L2 become unstable (Romero-Go´mez et
al. 2006, 2007; Athanassoula et al. 2009a,b, 2010). These
manifold-driven stellar trajectories also account for the
formation of stellar rings in various shapes, depending
on the bar properties. Manifold-driven spirals in a real-
istic N -body simulation were first observed by Athanas-
soula (2012), although their duration was too short to
maintain the spirals and ring shape of longer than 1 Gyr
(Athanassoula 2012;  Lokas 2016).
To more vividly display the spirals and inner ring, Fig-
ure 12 plots face-on views of model V1 at t = 1.1, 1.2, 7.5,
and 8.5 Gyr. The red solid circle in the first row draws
the corotation radius (CR). The spirals begin to appear
from t = 1.1 Gyr when the bar length reaches the CR.
The face-on view at t = 1.2 Gyr more prominently dis-
plays the barred spirals as the bar length and strength
attain their maximum. Thus, stellar particles in the bar
outside the CR are ejected from the bar, becoming spi-
rals. This in turns results in the decrease in the bar
strength and length until t ∼ 1.8 Gyr, shortly before the
onset of the first buckling instability, which is consistent
with  Lokas (2016), who showed that the manifold-driven
spirals persist only in between the bar formation and the
buckling instability. We find no evidence of spirals in the
other models. The primary reason may be that their bars
always reside within the CR, indicating that a bar should
be sufficiently long to form manifold-driven spirals.
Figure 12 shows that model V1 has an inner ring ema-
nating from the ends of the bar. It is more or less circular
at t = 7.5 Gyr and becomes elongated at a late time. The
inner ring survives until the end of the run, although
some parts of the ring fade gradually. This Θ-shaped
morphology closely resembles model MH of Athanassoula
& Misiriotis (2002) who demonstrated that the ring for-
mation depends on the mass ratio between the disk and
the halo. The fact that the inner ring is produced only
in model V suggests that its formation requires a very
strong bar, perhaps with F2/F0 > 0.7. Similarly to spi-
rals, the inner stellar ring can be a structure guided by
the manifolds associated with the unstable Lagrangian
points located near the bar ends (Athanassoula et al.
2009b, 2010).
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Figure 10. Density snapshots at the z = 0 plane of the models that experience the buckling instability at some selected epochs corre-
sponding to normal, post-buckling, (non)-regrowth, and 10 Gyr from left to right panels. The specific time of each panel is given at the
lower left corner. Except for model DM1, all other models experience the second buckling instability.
12 Kwak et al.
Figure 11. Same as Figure 10 but for the density snapshots at the y = 0 plane.
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Figure 12. Face-on views of model V1 at an epoch time when
the barred-spirals or an inner stellar ring are observed. The circles
in the upper panels mark the corotation radius. The bar rotates
in the counterclockwise direction.
4.2. Ratio of Velocity Dispersions
The ratio of the velocity dispersions is an important
parameter, not only in the disk stability, but also in the
buckling instability (Araki 1985; Raha et al. 1991). The
working value for our standard model is σR/σz = 1.25,
which is adopted from Lisker & Fuchs (2009) following
the method of Gerssen (2000). To examine its effect on
the bar formation and buckling instability, we vary fR in
Equation (5) to construct four DP models with different
σR/σz (see Table 1). For fixed σz, increasing fR increases
σR and thus QT .
Figure 13 plots the temporal variations of F2/F0, Lz,
and Ωb of the DP models in comparison with model S1,
while Figure 14 plots the evolution of the bar length
and 〈vz〉 of the DP models. As expected, a model with
smaller σR/σz forms a stronger bar earlier, and thus
model DP1 with σR/σz = 1.0 forms the thinnest and
longest bar. As can be see in the leftmost panels of Fig-
ure 10, models with larger fR have a shorter and more
rounded bar. This is consistent with Athanassoula &
Sellwood (1986) who suggested that larger random mo-
tions can make a bar wider. While the bars in models
DP1, S1, and DP2 with σR/σz . 1.5 become temporar-
ily weaker due to the first buckling instability, the bar
strength in model DP3 with σR/σz = 1.75 stays almost
constant at & 8 Gyr. The bar semi-major axis in model
DP3 does not increase considerably, while its semi-minor
axis decreases slowly. In model DP4 with σR/σz = 2.0,
the bar instability is suppressed due to random motions,
albeit not completely. Although all the DP models begin
from nearly identical initial Lz, it is evident that colder
disks lose a larger amount of angular momentum, result-
ing in a higher −dΩb/dt before the buckling instability.
After the buckling instability, −dΩb/dt becomes nearly
constant in all DP models that form a bar.
The presence of the buckling instabilities can be easily
recognized in the temporal changes of |〈vz〉| shown in
Figure 14. We find that the critical value σz/σR ≈ 0.63
at R = 0.9 kpc for the buckling instability is identical
Figure 13. Evolution of (a) the bar strength F2/F0 at R =
1.5 kpc, (b) the disk angular momentum Lz within R = 3.1 kpc,
and (c) the bar pattern speed Ωb in the DP models as compared
to model S1.
in all the models with the same density structures (S1,
V, and DP models), although the buckling instability
occurs later in hotter disks due to the inefficient angular
momentum transfer (Athanassoula 2003). Also, while all
the DP models have nearly the same rotational kinetic
energy, the buckling instability is more vigorous in colder
disks. In models DP1 and DP2, the buckling instability
is sufficient to considerably dissolve a bar. In model DP3,
mild buckling instabilities are observed soon after the bar
formation, which is too weak to stabilize the disk that
undergoes repeated bucklings until the end of the run.
Model DP4, with small σz/σR, displays a slight warp in
the outer disk, without forming a noticeable bar.
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Figure 14. Evolution of the bar length (left) and the absolute
value of the mean vertical velocity |〈vz〉| (right) in the DP models.
For comparison, the grey lines in the left panels draw the results
of model S1.
4.3. Disk Thickness
The scale height of our standard model (zd/Rd=0.33)
is adopted from Lisker & Fuchs (2009). As the error
range in the scale height of VCC856 is not known ob-
servationally, we simply vary the axial ratio by 0.1 from
model S1. With the other parameters fixed, we examine
the sole effect of zd/Rd on bar instability and the vigor
of buckling instability.
Figure 15 plots the temporal variations of F2/F0, Lz,
and Ωb of H models in comparison with model S1. The
top two rows of Figure 16(a)–(d) plot the evolution of
the bar length and 〈vz〉 in H models. Model H1 with
zd/Rd = 0.23 is more unstable to forming a bar earlier
than model H2 with zd/Rd = 0.43. It undergoes the first
buckling instability at t ∼ 4 Gyr, which decreases the bar
length from ∼ 2.2 kpc to ∼ 1.5 kpc and a faint secondary
instability with |〈vz〉| < 1.0 km s−1 at R ∼ 2.4 kpc near
t = 5–6 Gyr, without any sign of regrowth afterwards.
The second buckling in model H1 is less visible than that
in model S1 since its first buckling instability is more
prominent, as discussed in Section 4.1. Therefore, a bar
in a thinner disk undergoes a more vigorous buckling,
which considerably shortens the bar length and provides
a hostile condition for the bar regrowth. On the other
hand, model H2 does not undergo a buckling instability
until the end of the run.
The edge-on views of model H1 are shown in the sec-
ond row from the bottom of Figure 11. As discussed
in Section 4.1 and Martinez-Valpuesta et al. (2006), the
first buckling instability leads to a peanut/boxy shape
at t = 5.5 Gyr. However, the vertical thickening around
R ∼ 2.4 kpc triggered by the second buckling is not as
effective as that in model V2, forming a weak X-shaped
bulge.
Figure 15. Evolution of (a) the bar strength F2/F0 at R =
1.5 kpc, (b) the disk angular momentum Lz within R = 3.1 kpc,
and (c) the bar pattern speed Ωb in H models as compared to model
S1.
Compared to model S1, the bar pattern speed in model
H1 is initially higher, and decays more rapidly due to
higher −dLz/dt. However, after the buckling instabil-
ity, −dΩb/dt in model H1 becomes almost constant at a
slightly smaller value than that of model S1. Since the
fraction of the counter streaming motions is the same
in the S1 and H models, we attribute this difference to
the shorter bar length in model H1 induced by a more
vigorous buckling instability.
4.4. Dark Matter Fraction
To explore the effects of fDM on the disk stability, we
vary the halo concentration in Equation (2), while chang-
ing the k parameter to obtain similar 〈vφ〉. Model DM1
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Figure 16. Evolution of the bar length (left) and the absolute
value of the mean vertical velocity |〈vz〉| (right) in H, DM, and M
models. For comparison, the grey lines in the left panels draw the
results of model S1.
with a lower halo concentration contains less counter
streaming motion (c = 2 and k = 0.8) than model DM2,
which has a more compact halo and more counter stream-
ing particles (c = 20 and k = 0.55). Our choice of c is to
satisfy the error range of VCC856, fDM = 0.33 ± 0.26%
within Reff (Toloba et al. 2014).
The temporal variations of F2/F0, Lz, and Ωb of DM
models are plotted in Figure 17. It is well known that
the presence of a compact halo stabilizes a disk against
self-gravitating perturbations by breaking the feedback
loop of a swing amplifier (Toomre 1981). Indeed, Fig-
ure 17(a) shows that model DM1, with a less compact
halo, rapidly forms a prominent bar at t = 1.5 Gyr, while
model DM2, with a concentrated halo, remains stable
until the end of the run. Model DM1 experiences buck-
ling at t ∼ 3.5 Gyr, resulting in a significantly short-
ened and weakened bar. After the buckling, the bar im-
mediately becomes boxy/peanut-shaped (Fig. 10). The
bar strength subsequently increases with time, but only
slightly as compared to model S1, without much change
in the bar size and shape. From the temporal behavior of
〈vz〉 shown in Figure 16(f), the recurrence of the buckling
instability is not evident in model DM1.
Figure 17(b) shows that model DM1 lacks in the angu-
lar momentum transfer due primarily to the insufficient
interactions between the bar and the halo (Athanassoula
2003; Berentzen et al. 2006), simply caused by insuffi-
cient dark matter around the disk. Once it rapidly forms
a prominent bar with F2/F0 ∼ 0.4 at t ∼ 1.5 Gyr, its an-
Figure 17. Evolution of (a) the bar strength F2/F0 at R =
1.5 kpc, (b) the disk angular momentum Lz within R = 3.1 kpc,
and (c) the bar pattern speed Ωb in DM and M models as compared
to model S1.
gular momentum loss rate becomes very small, as is the
slowdown rate of the bar. Such deficient bar-halo inter-
action also yields a low growth rate in the bar strength.
This causes a transitional phase (t = 1.5 – 3.5 Gyr) in
model DM1 during which the bar strength slowly in-
creases before the onset of the first buckling, whereas
other models do not exhibit such a transitional phase.
In addition, this inhibits further growth of the bar, con-
sequently delaying/preventing the occurrence of the sec-
ondary buckling instability.
The density slices at the z = 0 and y = 0 planes
of model DM1 are displayed in the last row of Fig-
ures 10 and 11, respectively. Until the end of the evo-
lution, the mass inflow rate in model MD1 is about
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an order of magnitude smaller than that of model V1,
dM?(R < 1Rd)/dt ≈ 1.06 × 106 MGyr−1 after the
buckling instability, resulting in no visible change in the
face-on views. Without recurrent buckling instability, its
morphology remains nearly the same after the first buck-
ling instability, and thus the outer regions at R ∼ 2.4 kpc
are not thickened vertically.
4.5. Stellar Mass
Model M1 with Md = 1.4 × 109 M and model M2
with 0.8 × 109 M are designed to cover the observed
range of stellar mass in VCC856 (Toloba et al. 2014). As
shown in Figure 1, by adjusting the number of counter
rotating particles, we make the mean streaming veloc-
ity 〈vφ〉 in these models similar to the observed rotation
curve. We also assign appropriate halo concentrations in
M models to keep fDM the same as in model S1. This
results in the almost identical QT profiles (Fig. 2). These
M models allow us to examine the combination of sta-
bilizing/destabilizing effects of varying disk mass, mean
streaming velocity, and halo concentration.
Figure 17 also plots the temporal variations of F2/F0,
Lz, and Ωb of models M1 and M2 in comparison with
model S1. The bar strength in M models starts to in-
crease almost at the same time as in model S1. Although
model M1 forms the bar slightly more strongly and un-
dergoes buckling instability earlier than the others, the
models’ overall evolutionary paths are not significantly
different. The last two rows of Figure 16 show that model
M1 forms a longer bar that is more efficient in trans-
ferring angular momentum than models with lower Md,
resulting in a slightly faster bar growth. This evidently
leads to a earlier and slightly more vigorous buckling in-
stability than in model M2, while the second buckling
instability is more prominent in the latter (see Section
4.1). Although the bar pattern speed is initially larger
in a more massive disk, it becomes almost independent
of the disk mass at 10 Gyr due to a larger rate of angular
momentum transfer.
Figure 17(a) shows that model M2 is more unstable
and undergoes the first buckling episode slightly ear-
lier than model S1, even though the former has a disk
1.25 times less massive than the latter. This is primar-
ily because the disk in model M2 has a smaller fraction
of counter streaming particles and its destabilizing over-
comes the stabilizing effect of a low disk mass.
5. SUMMARY AND DISCUSSIONS
In this study, we have presented the results of N -body
simulations to study the stability of dwarf disk galaxies.
We initially set up galaxy models that resemble VCC856,
a real galaxy in the Virgo cluster, assuming it is an in-
falling progenitor of dEdis. This is the first numerical
study that investigates the stability and dynamical evo-
lution of dwarf disk galaxies in isolation. We have also ex-
amined the effects of various parameters, such as counter
streaming motion, velocity dispersion, disk scale height,
dark matter fraction, and disk mass on the bar forma-
tion, buckling instability, regrowth of a bar, within the
observational error ranges of VCC856. The main results
of the present work can be summarized as follows.
We find that most of our galaxy models are dynami-
cally unstable to forming a bar. Only when galaxies have
an excessively concentrated halo or a hot disk3 do they
remain stable without forming a bar. This suggests that
infalling dwarf disk galaxies are intrinsically unstable to
bar formation even without tidal forcing. Our results ex-
plain the presence of dEdis with a bar component at the
outskirts of Virgo cluster (Janz et al. 2012, 2014) where
the tidal force by the cluster potential appears too weak
to produce a bar ( Lokas et al. 2016).
The mean formation time before the first buckling is
found to be ∼ 6 Gyr, indicating that the progenitors of
dEdis slowly form a bar. Except for two highly unstable
models that have no counter streaming motion or low
fDM, the bar formation in our dEdis models does not
occur rapidly during their evolution in isolation. Our
standard model is marginally unstable to forming a bar
after t ∼ 2.0 Gyr. This may allow feasible time for the
formation of very weak spiral arms in VCC 856 via either
swing amplification or weak tidal force from the neigh-
boring galaxies, as suggested by Jerjen et al. (2000). We
defer further discussion regarding the spiral structure of
VCC 856 and dEdis to the next paper of this series.
The bar formation time and its strength depend on
the galaxy properties: a bar is stronger and forms ear-
lier in galaxies with lower fraction of counter-streaming
disk particles, lower halo concentration, lower velocity
anisotropy fR = (σR/σz)
2, smaller scale height of a disk,
and/or more massive disk. In particular, the ratio of
the velocity dispersions, σR/σz, is directly related to the
disk stability and the onset of buckling instability. A disk
with a higher σR is initially more stable to bar formation
and can be subject to the buckling instability even with-
out forming a bar since σR/σz is closer to the threshold
value. Consistently with the results of Athanassoula &
Sellwood (1986) and Athanassoula (2003), a bar formed
in models with larger σR/σz is thus wider, weaker, and
inefficient in transferring the bar angular momentum to
the halo.
Interestingly, we also find that, despite variations in
disk mass, the disk-halo systems with nearly the same
〈vφ〉 and fDM within Reff undergo a similar evolutionary
path. For instance, a more massive disk that is more
unstable can be stabilized by increasing the fraction of
counter-streaming particles in order to keep 〈vφ〉 and
fDM more or less the same. Such a combination of the
destabilizing effect of disk mass and the stabilizing effect
of counter-streaming motions makes the bar formation
time in model M1 with a massive disk almost identical
to that in model M2 with a less massive disk.
As predicted by linear theory (e.g., Kato 1971; Lynden-
Bell & Kalnajs 1972; Tremaine & Weinberg 1984; Wein-
berg 1985; Athanassoula 2003), the exchange of angular
momentum between the disk and the halo plays an im-
portant role in shaping the dynamical properties of our
galaxy models such as the bar growth and pattern speed.
As a bar loses its angular momentum to the halo, it be-
comes stronger and its pattern speed decreases. Conse-
quently, the bar growth rate and its slowdown rate are
larger in models with lower velocity anisotropy fR or less
counter streaming motions. Additionally, we find that
3 The two stable models DM2 and DP4 initially contain a frac-
tion of disk stars in counter streaming motions with a relatively
thicker disk than normal disk galaxies, which causes an additional
stabilizing effect.
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Figure 18. Dependence of (top) the time tmax when the bar becomes strongest before the first buckling instability, (middle) the bar
strength (F2/F0)max at t = tmax, and (bottom) the bar pattern speed Ωb upon (left) QT,min and (right) QT,min/k
0.5. Only the models
undergoing the first buckling instability are shown. In the bottom panels, the error bars mark the full ranges of the pattern speed over the
course of evolution up to 10 Gyr, while the symbols give Ωb at t = tmax. The dashed lines in the right panels are the best fits whose forms
are given in the text.
thinner and more massive disks are more unstable and
form a stronger bar, which efficiently transfers the an-
gular momentum and thus rapidly slows down at least
until the onset of buckling instability, if the surrounding
halo is sufficiently massive. Model DM1 with fDM = 7%
is highly unstable to rapidly form a bar: however, due to
a small amount of angular momentum transfer, it takes
longer to undergo buckling instability relative to model
V1.
The left panels of Figure 18 summarize our numer-
ical results for the time tmax when the bar is max-
imized before the first buckling instability, the max-
imum bar strength (F2/F0)max, and the bar pattern
speed as functions of the minimum value QT,min of the
Toomre stability parameter for the models with the buck-
ling instability. Except for V models, a model with
smaller QT,min forms a stronger bar at an earlier time.
We find that the degeneracy of QT,min on tmax and
(F2/F0)max for V models can easily be removed by con-
sidering the amount of counter-streaming motion in the
abscissa as QT,min/k
0.5, as plotted in the right panels.
The dashed lines are the best fits: tmax/Gyr = −6.4 +
7.6QT,min/k
0.5, (F2/F0)max = 0.9 − 0.3QT,min/k0.5, and
Ωb/(km s
−1 kpc−1) = 21.1− 3.7QT,min/k0.5.
The buckling instability appears to be quite common
at least in barred dEdis, as it occurs in 11 of our 15
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galaxy models. It shortens and thickens a bar by instan-
taneously warping it in a U or V shape when the velocity
anisotropy σz/σR exceeds a threshold value at a given ra-
dius, as in normal disk galaxies (Combes & Sanders 1981;
Combes et al. 1990; Raha et al. 1991; Merrifield & Kui-
jken 1994; Martinez-Valpuesta & Shlosman 2004). In the
V and DP models with the same density structure, the
threshold value is σz/σR ≈ 0.63 at R = 0.9 kpc, which is
similar to the value reported by Martinez-Valpuesta et al.
(2006) for normal disk galaxies. The buckling instabil-
ity not only more vigorously dissolves the bar in a more
unstable disk, but also causes a transition in dLz/dt and
dΩ/dt (e.g., see model DP1 and H1 in Figs. 13 and 15).
In a study of the effects of disk thickness on the evo-
lution of barred galaxies, Klypin et al. (2009) found that
a thinner disk forms a shorter bar and experiences buck-
ling instability earlier than a thicker counterpart. They
argued that the disk scale height is related to the phase-
space density as f ≡ ρ?/(σRσφσz) ∝ z−3/2d and to the
Jeans mass as MJ ∝ σRσφσz/√ρ? ∝ zd, making a disk
with smaller zd more unstable. These results are in good
agreement with ours in terms of the epochs of bar for-
mation and buckling instability, but are seemingly con-
tradictory in terms of a tendency of bar slowdown. In
Klypin et al. (2009), a thin-disk bar (Ka2) barely slows
down, resulting in a 2.5 times larger pattern speed than
the thicker counterpart (Ka3) at t = 5 Gyr, whereas,
in our study, the thin-disk bar (model H1) slows down
more significantly than a thicker counterpart (model S1).
We attribute this inconsistency to the early onset of the
buckling instability in the thin-disk bar of Klypin et al.
(2009). More specifically, their thin-disk model with
zd/Rd = 0.05 is highly unstable to undergoing vigorous
buckling instability before the bar grows full and long
enough for an efficient angular momentum transfer.4 Our
thin-disk model H1 with zd/Rd = 0.23 is even thicker
than their thickest-disk model Ka3 with zd/Rd = 0.18,
and the evolutions of these two models are similar to one
another in terms of the buckling time and bar slowdown.
While we study the evolution of dwarf disk galaxies,
some of our results can be applicable to normal disk
galaxies, at least qualitatively. For instance, model V1
presented in Section 4.1 follows an evolutionary path
similar to a Milky Way-sized disk galaxy in Martinez-
Valpuesta et al. (2006). Both undergo more than one
buckling instability, and the times of the recurrent buck-
ling instabilities are similar. The ellipticity variations are
also similar (see Fig. 9(a) and (b) in the present work and
their Fig. 4). In addition, the face-on view at 7 Gyr of
model V1 (Fig. 10) closely resembles the image with an
ansae at 9.9 Gyr (their Fig. 11). However, unlike the
bar in model V1, the bar in their model keeps growing
in size after the second buckling instability. Other than
this minor difference, their evolution histories are almost
alike.
The formation of barred spirals and inner stellar rings
observed in Milky Way-sized galaxies (Athanassoula &
Misiriotis 2002; Athanassoula 2012;  Lokas 2016) is also
found in model V1 without counter-streaming motions
(see Fig. 12). Model V1 is very unstable to rapidly form-
ing a bar and transfers a significant amount of bar angu-
4 Before the onset of the buckling instability, the bar strengths
are 0.40 and 0.55 for their thin- and thick-disk bars.
lar momentum to the halo. This allows the bar to grow
longer than others to beyond the CR, triggering the ejec-
tion of stars at the bar ends and forming spiral patterns
in a trailing shape (Athanassoula 2012;  Lokas 2016). The
angular momentum transfer occurs even after the buck-
ling instability, which eventually aids the formation of
an inner stellar ring. As we find that the increase in the
central enclosed mass is correlated with the angular mo-
mentum transfer, the mass inflow rate at 1Rd in model
V1 is 1.6 times higher than our standard model during
the post-buckling era. This allows the cavities at the
sides of the bar to grow larger to transform the disk into
a Θ shape.
A bar formed in dwarf disk galaxies is subject to
multiple buckling instabilities that vertically heat the
disk. The first buckling episode that occurs at relatively
smaller radii (1∼3Rd) often forms a peanut bulge and
vertically stabilizes the central regions. On the other
hand, the secondary bucklings occur at relatively larger
radii (R > 3Rd), so only the outer parts are thickened
by the vertical heating, forming an X-shaped bulge. This
is consistent with Martinez-Valpuesta et al. (2006), who
investigated the recurrent buckling instability in Milky
Way-sized galaxies and suggested that an X-shaped bulge
is evidence of recurrent buckling. Models where the sec-
ondary buckling is relatively mild form a faint X-shaped
bulge (e.g., model H1 and DP1).
Among our 15 realistic dwarf disk galaxies, 13 mod-
els form bars and 9 experience recurrent buckling in-
stabilities. This suggests that bar regrowth and ensu-
ing recurrent bucklings are quite common, at least for
the progenitors of dEdis. The regrowth is not observed
in model DM1 with small fDM due to the lack of the
angular momentum exchange. This is consistent with
Martinez-Valpuesta et al. (2006), who showed that the
regrowth of a bar is mediated by the resonant interaction
between the bar and the surrounding halo. Our numeri-
cal results suggest that not only the disk-halo ratio, but
also the strength of the first buckling, is essential for
the regrowth. Between models V1 and V2, for example,
the first buckling instability in model V1 is sufficiently
strong to significantly dissolve the bar, leaving only a
small number of stars near the resonant bar-end regions
for the regrowth. Consequently, regrowth occurs faster
in model V2 and the resulting the secondary buckling is
stronger than in model V1.
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